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Abstract 

In order to give the standard scenario of the astrophysics, we study the Einstein theory 
with minimally coupled scalar field and the cosmological term by considering the scalar field 
as a candidate of the dark matter. We obtained the exact solution in the cosmological scale 
and the approximate gravitational potential in the galactic or solar scale. We find that 
the scalar field plays the role of the dark matter in some sense in the cosmological scale 
but it does not play the role of the dark matter in the galactic or solar scale within our 
approximation. 
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1 Introduction 

Recently the existence of the cosmological constant becomes quite probable from the 
observation of the deep galaxy survey [I], While the dark matter is necessary in various 
observations such as the rotational curve of the spiral galaxy or the missing of the ordinary 
matter in the cosmological scale. 

Then we start from the theory of general relativity with the dark matter and the cos- 
mological constant in order to study the standard scenario of the astrophysics, that is, the 
physics of the cosmological, the galactic or solar scale. Though the neutrino is the promising 
candidate of the dark matter, there is no established direct observation of the dark matter as 
the ordinary matter. There is another attempt to explain the rotation curves in the theory 
of the Brans-Dicke theory || |J, where the Newtonian force is modified by the effect of the 
scalar field. In this paper, we consider the scalar field as a candidate of the dark matter || 
together with the cosmological constant and study their effects on time development of the 
scale factor of the universe in the cosmological scale and the gravitational potential in the 
galactic or solar scale. 

The famous scalar-tensor theory is the Brans-Dicke theory, but we adopt the Einstein 
theory with minimally coupled scalar field instead of the Brans-Dicke theory. Our principle 
of the choice of the theory is the following. For the scalar-tensor gravity theory, we can trans- 
form one from the Jordan frame to the Einstein frame by the conformal transformation . 
We prefer to adopt the Einstein frame because the post-Newtonian test of the general rela- 
tivity such as the radar echo delay is quite stringent |7], §]. Also we prefer the Einstein theory 
with minimally coupled scalar field because the scalar field as the dark matter means that 
the scalar field has no direct interaction of the gravitational field with the ordinary matter. 

2 Classical Solution with Minimally Coupled Scalar 
and Cosmological Constant 



2.1 Einstein Theory vs. Brans-Dicke Theory 



The Brans-Dicke theory H || is the typical scalar-tensor theory of the gravity. The 
action of the Brans-Dicke theory with the cosmological term is given by 

1 /. ,„\ 1 
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ordinary matter 



Uehara-Kim |§ found the general solution for n = 2 and matter dominant case, and Fujii |L0 
has found the special solution for general n. 
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Putting 

9/j>v{ x ) — ^ 2 ( x )9*^( x ) with f2(x) — we obtain the following action |6| 

; ~^ [R* 2Ae^ ^ ) T\9* du,4 > *^u4 > * & ^ -^ordinary matter 

>7T(jr v 'A J 



Where = exp(C0*) With = y'l/^ + 3/47rG and inordinary matter is Obtained from ^ordinary matter 

by replacing the metric part in the form — > g^ -1 exp(C0*). 

Our philosophy to fix the theory comes from the following two principles: i) the kinetic 
part of the gravity is of the standard Einstein form, because of the stringent constraint of the 
post-Newtonian test such as the delay of the radar echo experiment, ii) the scalar field has 
no direct coupling to the ordinary matter nor gives the effect on the geodesic equation of the 
particle. From these principles, we do not adopt the Brans-Dicke theory. In the following, 
we adopt the Einstein theory with standard cosmological term and the minimally coupled 
scalar field. 




2.2 Einstein Theory with Minimally Coupled Scalar Field 

By considering the minimally coupled scalar field as some kind of dark matter, we study 
the prototype of the time development of the scale factor of the universe in the cosmological 
scale and the gravitational potential in the galactic or solar scale. 

We use Misner-Thorne- Wheeler notation [] 1] and consider Einstein action with the cos- 
mological constant, the minimally coupled scalar field and the ordinary matter 



d x\ 



-g 



C. 



ordinary matter 



where G is the gravitational constant, R is the scalar curvature and 
coupled scalar field. The equations of motion in this system are given by 



(2-1) 

is the minimally 



R 



- -j9nvR + AflV 



BkG(T+, + T t 
0, 



(2.2) 
(2.3) 



where Tfi v 
matter. 



dfj,(j)d u (j)— \gfj,ug pa dp<t'da < t' an d Tp,v is the energy-momentum tensor of the ordinary 
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3 Cosmological Exact Solution 



In order to study classical solutions in cosmology, we substitute the homogeneous, isotropic 
and flat metric 



ds 2 



-dt 2 + a(t) 2 dr 2 + r 2 (d6 2 + sin 6 2 d V 2 



(3-1) 



and the perfect fluid expression of the ordinary matter T^ u = (p+p)u^u u +pg^ u into equations 
of motion. We denote p and p as the density and the pressure of the perfect fluid respectively 
and we can take = (1, 0, 0, 0) in the co-moving system. Then equations of motion to be 
solved become 



A 
~ 3 ' 
a 

+ 2- 

a 



8ttG 



A = SttG [p+^r 



6 a 



0. 



(3.2) 
(3.3) 
(3.4) 



We consider the perfect fluid characterized by p = 7p, and we obtain the conservation 
law of the ordinary matter density by taking the linear combination of Eqs.( |3.2| ), ( |3.3j ) and 
( |3.4|) . From Eq. (|3.4j) , we have another conservation law. Then we have the following two 
conservation laws 



P 



p a 
k 



-3(1+7) 



where po and k are integration constants. The equation to be solved becomes Eq. 
the conditions Eqs. (|3.5| ) and (|3~6|). Substituting Eqs. (|3.5|) and ( p.6|) into Eq.( p.2| 
the equation of the form 

2 A _ 8ttG (_ po k 2 x 
3 ~ 



aV 
aj 



+ 



3 V a3{1+7) ' 2a 6 f 
As the mathematical problem, we can solve exactly in the 7 



(3.5) 

(3.6) 

with 
we have 

(3.7) 



7 = 1 case is unphysical. Then we consider only the 7 
case. In this case, we obtain 



1 and 7 = case, but 
case, that is, the matter dominant 



4vrG 
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(3.8) 



by using Eqs.(|3 



§ and (KB) 
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3.1 k 2 A > 4ttGpo 2 case 

In this case the cosmological and/or the scalar term are dominant, and we parametrize 



'A AixGptf 



3k 2 



cosh 6, 



a 
a 



Substituting this parametrization into Eq.( |3.4| ), we have 

e- 

where A^ 1 = J k 2 A / AnG po 2 — 1- Then we obtain 



' 3A 
1 + A 2 



7~~77 _ sinh 6. 
AttG k 2 



(sinh 6 - A) = 0, 



by using the formula 



log 



-Atanh(e/2) - 1 + y/1 + A 2 



-Ataoh(e/2) - 1 - y/1 + A 2 



3A 



1 + A 2 



(t-k 



l 



sinh 6 - A y/l + A 2 
And then we have the relation 



log 



-Atanh(9/2) - 1 + y/1 + A 2 



-Atanh(9/2) - 1 - y/1 + A 2 



-Atanh(e/2) - 1 + y/1 + A 2 



exp 



-Atanh(6/2) - 1 - y/1 + A 2 
which gives the relation 

tanh(6/2) = - 1 Vl 4 " 



(-V3A(t - k 



A Atanh( v / 3A(t-t )/2 
Using this relation, we can write cosh B and sinh in the form 



cosh 6 



sinh O 



1 +tanh 2 (9/2) _ (1 + A 2 ) cosh (T - T ) - y/1 + A 2 sinh (T - T 
1 -tanh 2 (9/2) ~ -A 2 - cosh (T - T ) + yH + A 2 sinh (T - T ) 



2 tanh(6/2) A ( 1 - cosh (T - T ) + v/I + ^sinh (T - T 



1 - tanh 2 (6/2) -A 2 - cosh (T - T ) + y/1 + A 2 sinh (T - T ) 



(3.9) 
(3.10) 

(3.11) 



(3.12) 



(3.13) 



(3.14) 



(3.15) 



(3.16) 
(3.17) 
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where T 



3At and T n 



3At - Introducing 6q through the relation cosh 6c 



y/1 + A 2 /A, sinh@ = 1/A, we can simplify the above expression in the form 



cosh 6 



sinh 6 = A 11 + 
Using Eqs. flOD and fl3.18|) , we have 

log a = 



Vl + A 2 cosh(T - T - go) 
sinh(T — T — ©o) — A 
(A + 1/A) 



sinh(T-T -Q )-A / 



da 
a 



A 47rGp 2 
3 3k 2 



1 

3 



47rGp 2 



(it cosh 6 

cosh (T — T — ©c 



PA J sinh (T — T — O ) - A 

log |sinh(T — T — 6o) — A\ + const., 

where we use the relation 4nGpo 2 /k 2 A = A 2 /(I + A 2 ). Therefore we have 



a(t) = a (sinh(T — T — O ) — A 



1/3 



where ao is the constant. 

Similarly, from Eqs.( |3.10| ) and (|3.19|) , we have 



Po(l + A 2 



I A 



kAVSA 



sinh 9 

k 

dT 



Po 



W3A 



dT 1- 



sinh 



sinh(T - T - 0„) - A 

Atanh((T-T -e )/2 



+ 



1 



log 
log 



i - VTTa 2 



Atanh ((T - T - o )/2) + 1 + Vl + A 2 



exp(T — T — Oq) — A — VT+A 2 



where O is the constant and 4>i is given by 0i 



exp(T - T - e ) - A + VT+A 2 

1 



(3.18) 
(3.19) 



(3.20) 



(3.21) 



(3.22) 



+ 



log 



1 + A- VT+A 2 



1 + A + VT+A* 
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The integration constant a® is not the independent integration constant but it can be 
expressed by k and p . From Eqs. (|3T6| ) , ( ft. 2 ID and (|3.22|) , we have 



Po(l+^ 2 



fcA(sinh(T-T o -0 o )-A 

p (l + A 2 )a 3 = k_ 
kAa 3 a 3 



which gives the relation Oq = k 2 A/po(l + A 2 ). This can be written in the form 



AV 
4ttG 



k 2 A - AnGpo 2 



Then we can obtain 



o 



(4tcG{ 



k 2 AttGpI^i/6 

X x - - 



Therefore we have the exact solution in the form 

,2 



a{t) 



(47rG( 



k 2 47rGpg^i/6 

X ' 



Vl2^G 



A 2 
log 



)) (sinh(T-Ti) - A 



1/3 



exp (T - Ti) - A - VI + A 2 



exp (T-T 1 )-A+ VI + A 2 



where 



3At, Tx = T - Go 
i 



fc 2 A 



3 Aii = const., 
1, 0i = const.. 



(3.23) 

(3.24) 

(3.25) 

(3.26) 
(3.27) 



3.2 AttGpq 2 > k 2 A case 

In this case the ordinary matter is dominant, and we parametrize 
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Substituting this parametrization into Eq.(|3.4|), we have 

6 + 

where B^ 1 = Jl — k 2 A/4:7iGpo 2 . Then we obtain 



/ 3A 
B 2 - 1 



(cosh 6 - B) = 0, 



1 



by using the formula 

dQ 



log 



1 - B + VB 2 - ltanh(9/2) 



1 - B - VB 2 - ltanh(0/2) 



3A 



B 2 - 1 



(t - t ) 



(3.30) 



(3.31) 



cosh — B 
Then we have the relation 



log 



1 - B + v 7 ^ 2 - ltanh(6/2) 



1 - B - VB 2 - ltanh(6/2) 



1-B + VB 2 - ltanh(6/2) 



exp V / 3A(t — t c 



(3.32) 



1 — B — VB 2 - ltanh(9/2) 

where we take the branch of the logarithm in such a way as the scale factor of the universe 
behaves as the power law in time at the very early age of the universe. Then we have the 
relation 



tanh(6/2) 



j B 



tanh (V3A(t-t )/2) • 



I B + l 

Using this relation, we can write sinh B and cosh O in the form 

2tanh(0/2) 



sinh 9 
cosh 6 



where T = y3At and T = v3At - 

Using Eqs.(g]28D and (g||), we have 



VB 2 - 1 sinh (T-T 
1 - tanh 2 (0/2) ~ cosh (T - T ) - B 
1 + tanh 2 (6/2) _ B cosh (T - T ) - 1 
1 - tanh 2 (0/2) ~ cosh (T - T ) - B ' 



(3.33) 

(3.34) 
(3.35) 



log a 



da 
a 



l47rGp 2 _ A 



3P 



cit sinh B 



k 2 A 



- 1 / dT 



V^-lsinh (T-T 
cosh (T - T ) - B 



log |cosh (T — T ) — B\ + const., 



(3.36) 



where we use the relation 4nGpo 2 /k 2 A = B 2 /(B 2 — 1). Therefore we have 

a(t) = ao ( cosh(T — T ) — B^j , 



(3.37) 



where ao is the constant and (T — To) = y 3A(t — to)- 
Similarly, from Eqs.( |3.29| ) and ( |3.35| ), we have 



dt 



po{b 2 - r 



k 2 A 
AnGp 



cosh B — 1 



dT 



Po 



kVSA 



dT 



( cosh B 



kBV3A J cosh (T -T )- B 

PoVB^l 1-B+ v/TJ^Itanh ((T - T )/2 

'0 + ; ~ n^r log 



kBVSA 



1- B- y-B 2 - 1 tanh (T - T )/2 



log 



exp (T - T ) - B - y-B 2 - 1 



where 0o is the constant and 0i is given by 4>i 



exp (T - T ) - B + y/B 2 - 1 

1 



(3.38) 



+ 



log 



l + B- VB 2 - 1 



1 + £ + V5 2 - 1 



The integration constant a is not the independent integration constant but it can be 
expressed by k and po- From Eqs. (|3~6| ), ( p.37|) and (|3.38|) , we have 



(B 2 - l) Po 



~ kB(cosh(T-T )-B 

(B 2 - l)p ao 3 = k 
kBa 3 a 3 ' 



(3.39) 



which gives the relation k 2 = (B 2 - l)p a 3 /B. This can be written in the form 

A 2 a 6 



AnGpo 2 - k 2 A 



Then we can obtain 



a 



(AttG{ 



AnGpo 
~K 2 ~ 



AtiG 



k 2 ^i/e 



A 



(3.40) 



(3.41) 
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Therefore we have the exact solution in the form 



a(t) 

4>{t) 



(4ttG( 



4nGp 2 £r\\i/6 
A 2 



A 



cosh(T - T ) - B 



1/3 



Vl2nG 



log 



exp (T - T ) - B - VB 2 - 1 



cxp (T-T )-B+ y/W=T 



(3.42) 
(3.43) 



where 



T = VSAt, T = v^3Ato = const., 

0o = const. . 



B-' = Jl 



k 2 A 



4vrGpo 2 ' 



3.3 47rGp 2 = k 2 A case 



For the completeness of the solution, we give the exact solution in this case. As the 
method to solve the equation is similar, we give only the result. The solution is given by 



a(t) 



(^fMr-To)-! 



1/3 



where 



4>{t) = 0o + -/^log|l-exp(-(T-To 
T = y/SAt, T = v^to = const., O = const. . 



(3.44) 
(3.45) 



3.4 Special Limiting Case 

i) Po — case (no ordinary matter) 

In case there is no ordinary matter p — > 0, which corresponds to A — > yj 'AtvG p 2 / 'k 2 : A, 
we have the expression 

-1/3 

(3.46) 



a(f) = [-J^J ( sinh(T - 7\ 
0(0 = ^i + ^i^logltanh^T-TO^)!. (3.47) 
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ii) k = case (no scalar matter): Lemaitre universe [|T^ 

In case there is no scalar matter k — > 0, which corresponds to B 
expression 



a(t) 



( 4ttG Po 
V A 



1/3 



cosh(T - Ti) - 1 



1/3 



1, we have the 

(3.48) 
(3.49) 



hi) A = case (no cosmological constant) 

In case there is no cosmological term A — > 0, which corresponds to B — > 1 + k 2 A/8nGpc 
we have the expression 

a(t) 



(AvGp^ / 3A(t-t ) 
A-*-o V A / \ 2 

(67rGp ) 1/3 ((t-to)~ 



fc 2 A ' 

\ 1/3 



1/3 



12nGp 2 



lim { 0o H , 



log 



3A(t - t ) - ky/A/JAirGp, 



3A(t - t ) + k\fk/ J AnGp 



+ 



Vl2^G 



log 



(t - to) - V V 127rG Po 



(t-ta) + k/Jl2nGp% 



(3.50) 



(3.51) 



4 Effect on the Gravitational Potential 

In this section, we calculate the effect of the cosmological constant and the scalar matter 
to the gravitational potential. For the special case of i) no scalar matter or ii) no cosmological 
term, the exact solutions are well-known. 



4.1 Exact solution for special cases 

i) No scalar matter case 

In this case, we take the standard metric in the form 

ds 2 = -h{r) 2 dt 2 + f{r) 2 dr 2 + \r 2 {d6 2 + sm9 2 d(p 2 ) 



(4.1) 
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and the exact solution is given by JT3] 

h(rf = 1 - r /r - Ar 2 /3, 

f(rf = . 

1 — ro/r — Ar 2 /3 

ii) No cosmological term case 

In this case, we take the isotropic metric in the form 

ds 2 = -h x {rfdt 2 + f\(r) 2 [dr 2 + r 2 (d6 2 + sin0 2 V) 

and the exact solution is given by fli~4| 

' r — r N 



i log 



r + r 



hir) 2 
fi(r) 2 



r — r \ 
r + r 



2C 



r 2 I \r — tq 



2C 



where 



'2(1 -C 2 
8nG 



C = const. . 



(4.2) 
(4.3) 



(4.4) 

(4.5) 
(4.6) 
(4.7) 



4.2 Cosmological term and scalar matter co-existing case 

When the cosmological term and scalar matter co-exist, we cannot solve analytically, and 
we calculate the effect on the gravitational potential approximately. For this purpose, we 
take the standard metric Eq.( |4.1D and the equations of motion Eqs. (|2.2j) and ( p.3| ) are given 
by 

^ +2/ a 2ArV = *z*j£_ t (4 . 8) 

J J J 

- — + 2h- 2kr 2 h = 7^—, (4-9) 



f 2 f 2 f 
( r 2 h(j)' 



0. (4.10) 
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These can be rewritten into the form 



f h f 2 1 

+ = Ar ^' ( 411 ) 
j h r r 

J + \ = **Gr<j>'\ (4.12) 



'r 2 h(j) 



V / J 

From Eg. ( 4.13| ), we have <$' = af /r 2 h with constant a. Then we have 



0. (4.13) 



(\o g f/h)' = f --\ = -^ + I + Ar/ 2 , (4.14) 
j n r r 



/i r, \' /' h' AnGa 2 f 2 , A . 

dog/ft) =^ + x = (4.15) 

We introduce the new variables X, Y in the form exp(X) = fh, exp(Y) = f /h, then the 
above eguation becomes in the form 

= - eXp(X + F) +-+Arexp(X + y), (4.16) 

, 4vrGa 2 exp(2F) 
X = -^J-. (4.17) 

For a = case (no scalar matter case), we have the solution 

X = 0, exp(F) = - 1 (4.18) 

1 — ro/r — Ar z /6 

which is the exact solution to Egs.( |4.2| ) and ( [4.3|) . Then we calculate the gravitational po- 
tential by considering the region of r where ro/r, Ar 2 , 4irGa 2 /r 2 <C 1. In this approximation, 
we have 

Y » ^ + ^, (4.19) 
r 3 

from Egs.( |4.l7D and ([4.18 ) where ri is constant. 
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In order to find the solution for a ^ 0, we put tq(= const.) — > ro(r) (function of r). Then 



Eg. ( 4. 16 ) becomes 



y ( r (r) | Ar 2 \ _ r | r ' | 2Ar 

\ r 3 y r 2 r 3 

r 2Ar X . 
■£ + -5--- ( 4 - 21 ' 



r 2 3 r 
which gives r ' = —X. Using Eg. ( |4.20|) , we have 



ri 2 r 



r (r)=r 2 -2nGa 2 (— + -), (4.22) 



where r 2 is constant. 

The gravitational potential $ is given by 



g 00 = -(l + 2$) = -exp(X-F) 

« - ( i-^-^!+x) 

r 3 



+ — —-3-— ). (4-23) 



47rGa 2 r 2 Ar 2 
r 2 r 3 

which gives $ = 2-kGq 2 /r\ — r 2 /2r — Ar 2 /6. Therefore the scalar matter does not contribute 
to the gravitational force F r = —d^/dr = — r 2 /2r 2 + Ar/3 within our approximation. The 
cosmological term contribute to the repulsive force within the approximation. 



5 Summary and Discussion 

We consider the scalar field as the candidate of the dark matter. Then, in order to give the 
standard scenario of the astrophysics, we study the Einstein theory with minimally coupled 
scalar field and the cosmological constant. We have studied various classical solutions with 
minimally coupled scalar and the cosmological term in the cosmological, the galactic or solar 
scale. We obtained the exact solution in the cosmology scale, where the scale factor expand 
in the power law in the first beginning and then expand exponentially. In the galactic or 
solar scale, we cannot find the exact solution, and examine the contribution from the scalar 
field to the gravitational potential and find that the scalar field does not contribute to the 
gravitational force within our approximation. In this way, in the cosmological scale, the 



14 



scalar field play the role of the dark matter in some sense. While, in the galactic or solar 
scale, the scalar field does not pay the role of the dark matter. 

For the ordinary matter, we first start from the classical Lagrangian and quantize the 
field and treat it as the classical smeared matter and make the perfect fluid approximation. 
While, in our approach, we treat the scalar field as the classical field in the same level as 
the classical gravitational field. If the metric is homogeneous, it may give the same effect 
whether we treat the scalar field as the classical field or the quantized and classically smeared 
matter. But if the metric is not homogeneous and is space-dependent, there is the quite big 
gap in the step of the quantization and the treatment of the classically smeared matter. In 
this sense, the scalar field may give the contribution to the gravitational force if we treat the 
scalar field as the quantized matter field. 
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